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Abstract In this paper, we use a semi-analytical approach to analyze the global structure of the
phase space of the planar planetary 3/1 mean-motion resonance, in cases where the outer planet
is more massive than its inner companion. We show that the resonant dynamics can be described
using only two fundamental parameters, the total angular momentum and the scaling parameter.
The topology of the Hamiltonian function describing the resonant behaviour is studied on the rep-
resentative planes that allows us to investigate a large domain of the phase space of the three-body
problem without time-expensive numerical integrations of the equations of motion, and without any
restriction on the magnitude of the planetary eccentricities. The families of the well known Apsidal
Corotation Resonances (ACR) parameterized by the planetary mass ratio are obtained and their
stability is analyzed. The main dynamical features in the domains around ACR are also investigated
in detail by means of spectral analysis techniques, which allow us to detect the regions of different
regimes of motion of resonant systems. The construction of dynamical maps for various values of the
total angular momentum shows the evolution of domains of stable motion with the eccentricities,
identifying possible configurations suitable for exoplanetary systems.
Keywords exoplanetary systems · resonant dynamics · periodic orbits
1 Introduction
The resonant configurations are frequent in the extra-solar planetary systems. In the studies on the
formation and long-term stability of the resonant systems, a deep understanding of the behaviour of
the planets becomes important. Indeed, long-term stable motion of close planets at high eccentricities
is possible only if the planets are locked in (and protected by) a mean-motion resonance (hereafter
just a resonance, or MMR). Second, resonance trapping appears to be a natural outcome of planetary
migration processes due to planet-disk interactions, which are believed to take place in the latest
stage of the planet formation (e.g. Kley 2000, Snellgrove et al. 2001, Kley et al. 2005).
This paper is a part of the series of papers devoted to the study of the resonant dynamics of
the planets. In the previous works, we have addressed 3/2 (Callegari et al. 2006), 2/1 (Callegari et
al. 2004, Michtchenko et al. 2008 a,b) and 5/2 MMRs (Michtchenko & Ferraz-Mello 2001a). This
paper focus on the 3/1 resonance planetary configuration. Although this resonance is not densely
populated as those mentioned above (Antoniadou & Voyatzis 2014) (only the HD60532 b-c system
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2Fig. 1: The distribution of the extra-solar planetary systems near the nominal 3/1 MMR. The
planetary systems are numbered as: 1 - HD60532 b-c; 2 - 55Cnc b-c; 3 - HD10180 d-e; 4 - GJ 163 b-
c; 5 - Kepler 20 b-c; 6 - HD20781 b-c; 7 - HD31527 b-c; 8 - Kepler 11 b-e; 9 - HD20003 b-c; 10 -
HD10180 c-d. Different colors are chosen to identify the averaged planetary masses of the systems
(see text for details).
is confirmed to evolve inside it), there are still many candidates from the Kepler database waiting
for confirmation (http://exoplanets.org ; Han et al. 2014).
The resonant dynamics may be partially understood through the study of the special solutions
often referred to as Apsidal Corotation Resonance (ACR). Several previous papers were devoted to
the determination of these periodic solutions in the planar 3/1 MMR (Beauge´ et al. 2003, Ferraz-Mello
et al. 2003, Michtchenko et al. 2006, Voyatzis & Hadjidemetriou 2006). Voyatzis (2008) complemented
the study of the ACR solutions analyzing their dynamical stability and constructing the dynamical
maps for the case of the 55Cnc planets. In more recent paper (Antoniadou & Voyatzis 2014), the
study of the families of ACRs was extended to the nonplanar dynamics of the planets.
Notwithstanding the attention devoted to ACRs and periodic orbits, not much is known on the
topology of the phase space of the 3/1 MMR. Moreover, since most of the detected exoplanets evolving
in resonances are outside the immediate vicinity of the ACRs (this is the case of the HD60532 planets
b and c), the dynamical exploration of the whole phase space of the resonant problem becomes
important, from the point of view of stability of the planetary motion. That is the purpose of the
present paper.
The paper is organized as follows. In the next section, we do a brief overview of the exoplanetary
systems detected near the 3/1 commensurability. The hypothesis on the origin of this configuration
through the capture of planetary pairs during migration stages is also discussed in this section. In
Section 3, we introduce the basic semi-analytical Hamiltonian model which describes the planar 3/1
resonant problem. The topology of the resonant Hamiltonian is studied in Section 4, where we plot
energy levels on the representative planes, calculate the symmetric and asymmetric ACRs of the 3/1
MMR and discuss the Law of Structure. The dynamics around the ACRs is investigated in Section
5, in form of dynamical maps and dynamical power spectra, and the main regimes of motion of the
planets in the 3/1 MMR are described. Finally, the conclusions are done in Section 6.
32 Exoplanets near the 3/1 MMR
Analyzing the orbital configurations of the planetary systems from the Exoplanet Orbit Database
(Han et al. 2014), we have identified 10 pairs with ratio of orbital periods from the interval 2.85 <
T2/T1 < 3.15 (T1 and T2 are the orbital periods of the inner and outer planets, respectively). They
are shown in Figure 1 by solid circles on the (T1/T2,e1)–plane, where e1 is the eccentricity of the inner
planet’s orbit. The nominal location of the 3/1 MMR on this plane is shown by the vertical line. The
systems are classified according their averaged masses defined as M = 0.5(m1 +m2), where m1 and
m2 are the masses of the inner and outer planets, respectively. The systems with averaged masses
from the range between two and ten times the mass of the Earth are referred to as super-Earth and
are shown by green symbols, the systems from the range 0.02MJ < M < 0.2MJ (MJ is the mass of
Jupiter) as Neptunians (blue symbols), from 0.2MJ < M < 2MJ as Jupiters (black symbols) and
those with the masses M > 2MJ as super-Jupiters (red symbols).
The closest to the nominal 3/1 MMR is the HD60532 system (# 1 in Figure 1), which consists of
the F-type star of mass M? = 1.44M and two planets, whose co-planar orbits were first determined
through a Keplerian fitting of 147 radial velocity spectra in Desort et al. (2008). The dynamical
analysis of the system pointed toward a possible 3/1 mean-motion resonance, however, the weak, but
significant, instabilities were also detected in the two-planet motion. Laskar & Correia (2009) applied
a Newtonian N-body fit, still assuming co-planar motion, but including the inclination with respect
to the plane of sky as a free parameter. They obtained the slightly improved best-fit configuration
with the inclination of 20 degrees. With this inclination, the planets become super-Jupiters, with
masses m1 = 3.1548MJ and m2 = 7.4634MJ , for inner and outer bodies, respectively, and the
system’s 3/1 MMR evolution is stable, at least, over 5 Gyr.
The physical and orbital parameters of the HD60532 system obtained in Laskar & Correia (2009)
are shown in Table 1 and will be used in applications of the developed model in this paper. However,
some preliminar considerations concerning their reliability must be done. Indeed, the confidence
intervals listed in Table 1 seem to be underestimated. In the orbit determination, the error bars are
usually calculated through the Monte Carlo techniques, for instance, Biased-Monte-Carlo Method
(BMC), as described in Tadeu dos Santos (2012). Beauge´ et al. (2012) applied the BMC method to
determine the orbits of HD60532 and estimated the possible ranges of the eccentricities, supported
by the set of observations, as [0.2 - 0.35] and [0.0 - 0.1], for planets b and c, respectively (see
Figure 3 in that paper). For the orbital periods, these ranges are [200-205] and [570-640] days,
respectively. Within the confidence intervals given in Beauge´ et al. ( 2012), the system can be found
in qualitatively distinct configurations, either resonant or near-resonant ones. On the other hand,
the narrow confidence intervals reported in Laskar & Correia (2009) seem to be determined by the
dynamical criterion (see Figure 2 in that paper), that constrains the system to evolve inside the 3/1
MMR.
The dynamical stability of the system will depend also on the assumed masses of the planets: for
example, Sa´ndor & Kley (2010) claim that the simulations of the formation of the HD60532 planets
suggest that the capture into the 3/1 MMR takes place only for higher planetary masses, thus
favouring orbital solutions having small inclinations (I ∼ 20◦), found in Laskar & Correia (2009).
This fact can be easily understood from the theories of the resonant dynamics which guarantees the
larger width of the resonance for higher planet masses and protects the eccentric planets from close
approaches and collisions (Michtchenko et al., 2008 a,b).
Thus, we still can use the orbital configuration of the HD60532 planets shown in Table 1 as the
case study to illustrate the dynamics of a planetary system inside or near the 3/1 MMR, which is
stable over 5G years. Reminding that the focus of this paper is the dynamical analysis of a planetary
system inside the 3/1 MMR, the option for Laskar & Correia (2009) solution is intentional to fulfill
our purpose.
The planetary pairs that are close, but not inside the 3/1 MMR, are 55 Cnc b-c (# 2 in Figure 1;
Nelson et al. 2014), HD10180 d-e (# 3; Lovis et al. 2011), GJ 163 b-c (# 4; Bonfils et al. 2013) and
Kepler 20 b-c (# 5; Gautier et al. 2012). Initially, the pair b-c of the 55 Cnc system was supposed to
evolve inside a 3/1 MMR (Zhou et al. 2004, Marzari et al. 2005). However, since the orbital elements
of the planets were modified substantially by further observations, their dynamics was recalculated
and the planetary system was found to evolve in a so-called near-resonant regime of motion (Dawson
& Fabrycky 2010).
4Param. [units] HD60532 b HD60532 c√
χ2 4.369
rms [m/s] 4.342
Date [JD-2400000] 54000.000(fixed)
V [km s−1] −0.0055± 0.0003
P [day] 201.83± 0.14 607.06± 2.07
λ [deg] 14.78± 0.66 317.02± 0.93
e 0.278± 0.006 0.038± 0.008
ω [deg] 352.83± 1.05 119.49± 9.14
K [m/s] 30.34± 0.32 47.84± 0.44
I [deg] 20(fixed) 20(fixed)
M [Mjup] 3.1548 7.4634
a [AU] 0.7606 1.5854
Table 1: Orbital parameters of the HD60532 b-c system. The mass of the central star is M? = 1.44M.
I is the inclination of the co-planar orbits in relation to the sky plane. The data are taken from Laskar
& Correia, 2009.
HD10180 is a solar type star, with M? = 1.06M. It hosts multi-planetary system (Mayor et
al. 2011, Tuomi 2012, Kane & Gelino 2014). Although not all components of this system are still
confirmed, it would be interesting to compare the dynamics of the planets ‘d’ and ‘e’, evolving near
the 3/1 MMR, to the near-resonant structure of our solar system, particularly, with the dynamics of
the Saturn-Uranus pair, also close to the 3/1 MMR (Michtchenko & Ferraz-Mello 2001b).
Several recently detected exoplanetary pairs from the Kepler database also present orbital periods
close the 3/1 commensurability, e.g. Kepler-180 b-c, Kepler-326 b-d, Kepler-359 b-d, Kepler-107 b-e,
Kepler-102 b-c, Kepler-373 b-c, Kepler-84 c-d, among others. However, the lack of information on
the physical and orbital parameters of the Kepler exoplanets makes a deep analysis of their dynamics
unfeasible.
2.1 On the origin of the 3/1 resonant configuration in the HD60532 system
The main mechanism to forming a resonant planetary system is thought to be by convergent migra-
tion of planets during the final stage of their formation and consequent capture inside the resonance.
Migration is the result of dissipative gravitational interactions of a protoplanetary disk and the grow-
ing planets (Lin & Papaloizou 1979, Goldreich & Tremaine 1979, Goldreich & Tremaine 1980). This
scenario of the origin of the HD60532 pair has been investigated in Sa´ndor & Kley (2010), where
the locally isothermal version of FARGO software was applied to simulate disk-planet interactions.
However, the authors have faced some difficulties to simulate the formation of two giant planets
in the 3/1 mean-motion resonance, probably, due to incorrect assumption on the final asymmetric
configuration of the planetary orbits.
To verify the possibility of the capture of the migrating planetary pair in the 3/1 MMR, in this
work, we perform a simple experiment, modeling gravitational disk-planet interactions with a Stokes-
type non-conservative force (Ferraz-Mello et al. 2003, Beauge et al. 2006, Michtchenko & Rodr´ıguez
2011). The dissipative force component can be added to the Newton exact equations of motion of a
planet as
d2r
dt2
= −C(v − αvc), (1)
where r and v are the position and velocity vectors of the planet, vc is the circular velocity vector
at the same position, while C and α are parameters characterizing the disk in which the planet is
migrating. As shown in Beauge´ & Ferraz-Mello (1993) and Gomes (1995a,b), up to first order in
eccentricities, the effect of the force (1) on the planetary semimajor axis and eccentricity behaviour
is given by
a(t) = a0 e
−At, e(t) = e0 e−Bt, (2)
where a0, e0 are the initial values of the semimajor axis and eccentricity, respectively, and |A| and
|B| are inverse of the e-folding times in each orbital element, τa and τe, respectively. These quantities
5Fig. 2: The resonance capture of the HD60532 planets b and c evolving under the dissipative Stokes-
like force (1). Starting at n1/n2 ∼ 3.15, the planets are ultimately trapped in the 3/1 MMR after
2× 105 years of the evolution. Top panel: Time evolution of the ratio of the mean motions (top) and
the eccentricities (bottom). Bottom panel: Time evolution of the secular angle ∆$ (top) and the
resonant angle 2σ1 (bottom), both oscillating around 180
◦ in the resonance.
are associated with the parameters of the Stokes force (1) through:
A = 2C(1− α), B = Cα. (3)
Using this ’toy’ model for the driving mechanism, we performed a series of numerical simulations
of the resonance capture of the HD60532 planets. Several initial configurations were tested and the
results have shown that the capture inside the 3/1 MMR is very robust. One of the simulations is
shown in Figure 2. The HD60532 pair of planets was initially placed on nearly circular orbits beyond
6the 3/1 MMR, at n1/n2 ∼ 3.20. The adopted values of the e-folding times, τa and τe, were 5× 106
and 2.5× 105 years, respectively. The dissipative force (1) was applied only on the outer planet.
Figure 2 shows that, after the approximately 2×105 years of the decay of the outer planet, the pair
of planets is captured in the resonance, when the ratio of the mean motions is trapped around 3/1
(top panel). The eccentricities of the planetary orbits then increase rapidly and reach their current
values soon after 2 millions of years. The behavior of the characteristic angular variables, the secular
angle ∆$ and the resonant angle 2σ1 (bottom panel), confirms that the system has reached the state
of the minimal energy characterized by anti-aligned pericenter lines and the oscillating around 180◦
critical angle of the 3/1 MMR (the definition of the angular variables is done in the next section).
3 Modeling the 3/1 MMR
Our model consists of a system with two planets, with the masses m1 and m2, orbiting a central star
with the mass m0. The index ”1” will always refer to the inner planet, while the index ”2” to the outer
one. We assume that both orbits lie in the same plane. We apply the model to the HD60532 planets
b-c, whose physical and orbital parameters are shown in Table 1. We use the Poincare´ canonical
angle-action variables in the astrocentric reference (Laskar 1991):
λi = mean longitude, Li = m
′
i
√
µiai,
−$i = longitude of pericenter, Li −Gi = Li
(
1−
√
1− e2i
)
, (4)
where ai, ei are the semimajor axes and eccentricities of the planets, respectively, m
′
i =
mim0
mi +m0
are the reduced masses and µi = G(m0 +mi), where G is the gravitational constant.
The Hamiltonian H of the problem can be expressed as the sum of the Keplerian part
H0 = −
2∑
i=1
µi
2m′i
3
2L2i
(5)
and the perturbation
H1 = −Gm1m2
∆
+ T1. (6)
The first term in Eq.(6) is the direct part of the perturbation function, ∆ is the instant distance
between the planets, and the second term T1 is the indirect part of the perturbation function. The
reader is referred to Laskar & Robutel (1995) and Ferraz-Mello et al. (2005), for further details.
To study the vicinity of the 3/1 MMR resonance, we transform the angular variables (4) to the
critical angles of the resonance (p+ q)/p as
λ1, J1 = L1 + s (I1 + I2) ,
λ2, J2 = L2 − (1 + s) (I1 + I2) ,
σ1 = (1 + s)λ2 − sλ1 −$1, I1 = L1 −G1, (7)
σ2 = (1 + s)λ2 − sλ1 −$2, I2 = L2 −G2,
where s = p/q (for the 3/1 MMR, p = 1 and q = 2). In the next, the averaging of the Hamiltonian H
is done with respect to the synodic angle Q = λ2−λ1. In the proximity of a mean-motion resonance,
the variation of Q is much faster than those of the resonant and secular angles, and does not influence
significantly the long-term evolution of the system. Thus, all periodic terms dependent on Q can be
eliminated (i.e. averaged out) from the Hamiltonian function, and only secular and resonant terms
need to be retained (for details, see Beauge´ & Michtchenko 2003).
The averaged resonant problem has two invariant quantities (or integrals of motion): one is the
spacing parameter, written as
K = (1 + s)L1 + sL2. (8)
7Fig. 3: Numerical simulation of the HD60532 planets b and c, with masses and initial conditions
from Table 1. The top panel shows the resonant oscillations of the semimajor axes, while the bottom
panel shows the oscillations of the eccentricities, all averaged over short-term oscillations (of order
of orbital periods). The curves were obtained by the averaged Hamiltonian equations of motion.
This integral describes the coupling behaviour of the planetary semimajor axes, which oscillate with
opposite phases and with amplitudes which are inversely proportional to the planetary masses. This
behaviour is shown on the top graph in Figure 3, which shows that the timescale of the resonant
oscillations is of order of tens of years. The curves were calculated through the integration of the
equations of motion of the averaged Hamiltonian. Note that this behaviour of the semimajor axes
is exclusively due to resonant interactions and there is no secular component in the variation of the
semimajor axes (Michtchenko et al. 2011), at least, up to first order in masses.
8Fig. 4: Parametric plane (m2/m1,e2) of the planetary mass ratio and the outer planet’s eccentricity.
The black color is used to indicate the domain where |F2| > |F1| and σ2 is a truly resonant angle,
while the red color shows the domain where |F1| > |F2| and σ1 is a truly resonant angle. |F1| and
|F2| are amplitudes of the resonant terms in the analytical first-order expansion of the Hamiltonian
(10). Cross symbol shows the location of the HD60532 system.
The second integral of motion of the problem is the total angular momentum, written as
AM = J1 + J2 = L1
√
1− e21 + L2
√
1− e22. (9)
The invariance of the total angular momentum implies the coupling oscillations in the planetary
eccentricity, in such a way that when the eccentricity of one planet increases, the other has to decrease.
Figure 3 bottom shows the resonant evolution of the planetary eccentricities, which is composed of
two components: resonant (with small amplitudes) and secular (with large amplitudes) ones. The
timescale of the secular variation associated to the variation of the secular angle ∆$ = $2 −$1 is
of order of hundreds of years. Note that, despite the very large planetary masses, it is still one order
longer than the timescale of the resonant oscillations.
3.1 The choice of the truly resonant angle
The invariance of AM and K has important consequences for the orbital evolution of the system.
It indicates that, after the averaging process, from the set of the variables (L1, L2, G1, G2) (or,
a1, a2, e1, e2), only two are independent, and the planar resonant problem has two degrees of freedom,
with two proper modes of motion. One mode is defined as a secular mode of motion of the system
9and is associated with the secular angle ∆$ = $2 −$1. The typical behaviour of this angle inside
the resonance domain is a circulation/oscillation (Michtchenko et al. 2011).
The other mode is a resonant mode defined by the libration of the resonant angle. By the definition
of the critical angles (Eq. (7)), ∆$ = σ1 − σ2, that means that only one of two critical angles is
independent and is a truly resonant angular variable of the problem (the other independent angular
variable is ∆$). The question which rises now is which one of two critical angles can be chosen as a
resonant variable.
The choice can be defined invoking the limit-case of the resonant restricted three-body problem.
Indeed, the theories of the dynamics of the asteroids from the Main Belt and of the trans-Neptunian
objects provide the opposite resonant angles. In the former case, when the mass of the inner body
is much smaller than the mass of the outer planet, the resonant angle is σ1. In the last case, the
librating angle is related to the outer body, σ2. We refer to these resonances as the interior and
exterior resonances, respectively.
Adapting this idea for the general three-body problem, we analyze the Laplacian approximation
of the Hamiltonian H (5-6), in order to compare the magnitudes of the terms related to the resonant
angles σ1 and σ2. The first-order analytical expansion of the Hamiltonian near the 3/1 MMR can be
written as
H = A (I1 + I2) + 2B (I1 + I2)
2
+ CI1 +DI2 + E
√
I1I2 cos∆$
+ F1I1 cos 2σ1 + F2I2 cos 2σ2 + F3
√
I1I2 cos (σ1 + σ2), (10)
where the terms with the coefficients A, B, C, D and E are associated to the secular mode of motion,
while the terms with the coefficients F1, F2 and F3 are associated to the resonant mode. The explicit
expressions for the coefficients are given in Appendix.
Analyzing the resonant part of the Hamiltonian (10), we can observe that the term with F3 is
symmetric with respect to the angles σ1 and σ2 and thus does not constrain the choice between
them. The comparison must be done between two other resonant terms, with coefficients F1 and F2,
and the term with higher amplitude will indicate the resonant angle.
We apply the described above criterion to the systems in the nominal 3/1 MMR, with different
values of the mass ratio m2/m1 and the initial eccentricity e2 and show the results in Figure 4,
where the condition |F2|− |F1| > 0 is plotted by black symbols, while the condition |F2|− |F1| < 0 is
plotted by red symbols. The values of the coefficients F1 and F2 and are calculated using the orbital
elements of the (pi,pi)–ACRs, for different values of the mass ratio. Figure 4 shows that the choice
of the resonant angle is determined essentially by the value of the ratio of the planetary masses: for
m2/m1 larger than approximately 1.5, the 3/1 MMR is an interior resonance characterized by the
libration of the critical angle σ1 and oscillation/circulation of the secular angle ∆$ (and σ2). For
m2/m1 lesser than 1.5, the 3/1 MMR is exterior, with the librating σ2 and circulating ∆$ (and σ1).
The influence of the planetary eccentricities on the choice of the critical angle seems to be negligible,
at least, at first-order approximation.
It should be stressed that both angles, secular and resonant, are oscillating in the close vicinity
of the stable ACR solutions. However, the oscillation of the secular angle in this case should be
differentiated from the regime of motion defined as a libration of the resonant angle. Indeed, the
topology of the secular phase space defines a family of concentric curves around one center displaced
from the origin; the curves which are close to the center, do not enclose the origin - they correspond to
oscillations, while the outer curves enclose the origin and correspond to circulations. The separation
between them is not a dynamical separatrix, characteristic of the resonant geometry, but just one
curve passing through the origin. The whole set of curves forms a homeomorphic family of solutions
and the distinction between oscillations and circulations in this case is merely kinematical. To stress
this behavior we refer to it as oscillatory/circulatory, when describing the secular regime of motion
(Michtchenko et al. 2011).
Finally, the location of the HD60532 planets indicated by a cross symbol on the (m2/m1,e2)–
plane in Figure 4 shows that the system evolves in the internal 3/1 MMR and the critical angle σ1
is a resonant angle.
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Fig. 5: Energy levels of the 3/1 resonant Hamiltonian (5-6) on the (e1,e2) representative plane (left)
and on the (n1/n2, e2)–plane obtained at 2σ1 = pi (right). The positive (negative) values of e1
indicate that 2σ1 = 0(pi), while the positive (negative) values of e2 indicate that ∆$ = 0(pi). Both
maps are constructed with the parameters K and AM corresponding to the HD60532 system. The
symbols show locations of the stationary solutions of the Hamiltonian (see text for details).
4 Topology of the semi-analytical Hamiltonian
The analysis of the topology of the two-degrees-of-freedom Hamiltonian H (5-6) consists of several
steps, such as the choice of the representative planes, mapping the energy levels of H (5-6), the
determination of the stationary solutions of the Hamiltonian function and the analysis of the stability
of these solutions.
4.1 Energy levels maps on the representative planes
Although the phase space of the two-degrees-of-freedom resonant system is four dimensional, the
problem can be reduced to the systematic study of initial conditions on a plane. For instance, if
we fix the initial values of the angular variables 2σ1 and ∆$, the phase space can be visualized on
the (e1, e2)–plane of initial conditions. In this case, the semimajor axes of the planets (needed to
calculate energy levels) may be obtained using Eqs. (8-9), for a fixed set of the free parameters K
and AM . The representative plane (e1, e2), corresponding to the physical and orbital parameters
of the HD60532 planets (Table 1), is shown in Figure 5 left, where the positive (negative) values on
the e1-axis correspond to 2σ1 fixed at 0 (180
◦), while the positive (negative) values on the e2-axis
correspond to ∆$ fixed at 0 (180◦).
Energy levels of the Hamiltonian H plotted on the (e1, e2)–plane show a complex structure of the
3/1 MMR, with several fixed points marked by symbols: the elliptic points by dots, while the saddle-
type points by crosses. Each fixed point corresponds to a stationary solution of the averaged resonant
problem, frequently referred to as Apsidal Corotation Resonance or ACR. The global maximum of
H shown by a red dot in Figure 5 left, is located in the quadrant corresponding to 2σ1 = ∆$ = 180◦,
and is usually known as a (pi, pi)-ACR. A second maximum (blue dot) is found in the quadrant with
2σ1 = ∆$ = 0 and characterizes the (0, 0)-ACR solution; the corresponding energy level around the
global maximum is shown by blue color. Finally, there are two additional saddle-type fixed points
shown by cross symbols in Figure 5 left.
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It is expected that each elliptic stationary solution should be surrounded by a robust domain
of stable resonant motion. This is shown in Figure 5right; the figure shows the energy levels in the
neighborhood of the global maximum (red dot) on the representative plane (n1/n2, e2), where n1
and n2 are the mean motions of the inner and outer planets, respectively. Since the location of the
global maximum is already known from the previous plane, we can fix the angle 2σ1 at 180
◦ and set
∆$ at 0 (positive values on the e2-axis) or 180
◦ (negative values on the e2-axis). The initial values
of a1, a2 and e1 are then obtained from Eqs. (8-9), using the same set of the free parameters K and
AM . The separatrix-like energy level surrounding the global maximum (red dot) is shown by dashed
curve in Figure 5 right. Finally, the regions of the (n1/n2, e2)–plane, where there are no solutions of
Eqs. (8-9) for the given constants, are shown by gray color. This representative plane will be widely
used in the next sections to portray the main features of the 3/1 resonant dynamics.
We have assessed the stability of the second elliptic point, associated to the (0, 0)-ACR and
marked by a blue dot in Figure 5 left, applying the procedure described in Section 4.2.1. The results
have shown that this point is unstable at small and moderate eccentricities (see Figure 6); therefore,
we will not discuss the dynamics around it in this paper.
4.2 Stationary orbits of the averaged 3/1 resonance problem (ACR)
As shown in the previous section, ACRs appear as fixed points, of elliptic or saddle types, in the
energy levels maps constructed for given values of the parameters AM and K. To obtain these
special solutions over a large range of the parameters, we employ the geometrical method presented
in Michtchenko et al. (2006). As shown in that paper, the position and stability of the ACR solutions
are only marginally dependent on the spacing parameter K, thus, in this section, we fix K and vary
the other two parameters, m2/m1 and AM . Choosing the values of the semimajor axes a1 and a2
from Table 1, the value of the spacing parameter K is then obtained using Eq. (8), for a given mass
ratio.
Usually, ACRs are classified in two types: symmetric and asymmetric solutions (e.g. Beauge´ et
al. 2003, Lee 2004, Voyatzis & Hadjidemetriou 2005). The symmetric solutions are characterized by
stationary values of both resonant and secular angles at zero or 180◦, while for asymmetric solutions
the values of the angles are different from zero or 180◦.
4.2.1 Symmetric ACRs
Figure 6 shows the families of the symmetric 3/1 ACRs parameterized by the values of the mass
ratio m2/m1, from 0.1 to 20, on the representative (e1,e2)–plane. Once again, the positive (negative)
values on the e1-axis correspond to 2σ1 fixed at 0 (180
◦), while the positive (negative) values on the
e2-axis correspond to ∆$ fixed at 0 (180
◦). The thick lines are the locus of configurations leading
to possible collisions between the planets and given by the condition
a1 [1 + e1 cos 2σ1] = a2 [1 + e2 cos∆$] . (11)
The symmetric ACRs exist for all possible combinations of the angular variables, such as (0, 0),
(pi, 0), (0, pi) and (pi, pi), where the numbers inside the brackets indicate the stationary values of 2σ1
and ∆$. However, not all of these solutions are stable. The stability of ACRs can be determined
analyzing the structure of the Hamiltonian (5-6) in the vicinity of ACRs on the plane of the angular
variables (2σ1, ∆$).
An example is shown in Figure 7, where the energy levels are plotted by solid curves, while the
background gray scale varies from dark tones to light ones, for increasing values of H. The left graph
shows a stable symmetric (pi, pi)–ACR (black dot) as an elliptic point of the maximal energy, while
the right graph shows a saddle-type structure of the phase space, with an unstable symmetric (pi,
pi)–ACR and two asymmetric elliptic points of the maximal energy (black dots).
Performing this analysis for all solutions shown in Figure 6, we separate them into the stable
(black dots) and unstable (red dots) ones. We find that the families of the stable symmetric ACRs
corresponding to the global maximum of the Hamiltonian (5-6) are located in the (pi, pi)–quadrant in
Figure 6. The stable solutions can be found also in the (0, pi)–quadrant: they have very high eccentric-
ities and located beyond the collision curve. It is worth noting that the very-high-eccentricity ACRs
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Fig. 6: Families of symmetric ACRs of the 3/1 MMR, parameterized by the mass ratio m2/m1 ∈
[0.1,20]. The positive (negative) values of e1 correspond to 2σ1 equal to 0 (pi), while the positive
(negative) values of e2 correspond to ∆$ equal to 0 (pi). Black curves correspond to stable solutions.
Red curves show unstable symmetric ACRs and broad lines show locations of the initial conditions
for which the planetary orbits become crossing, allowing collisions to occur.
in the (0, 0)–quadrant become stable, but their counterparts from the (pi, 0) and (pi, pi)–quadrants are
always unstable. Although the dynamics of such eccentric planetary systems merits close scrutiny, in
this paper, we focus on the study of the dynamics only around low-to-moderate-eccentricity (pi, pi)–
ACR solutions.
4.2.2 Asymmetric ACRs
The stable asymmetric ACRs of the 3/1 MMR appear at bifurcations of symmetric solutions along
the (pi,pi)–families, when these pass from stable to unstable. This case is illustrated in Figure 7, right
panel, where the hyperbolic (pi,pi)–point gives the origin to an asymmetric solution represented by
two points. The calculation of the asymmetric ACRs adopts the geometrical approach presented in
Michtchenko et al. (2006).
Figure 8 summarizes the information on the stable symmetric and asymmetric ACRs of the 3/1
MMR showing their families parameterized by the mass ratio m2/m1 on the (e1, e2)–plane. At small
eccentricities, all solutions are symmetric and of (pi,pi)–type; they are continuously increasing with
the increasing planetary eccentricities (gray curves). This smooth evolution along symmetric families
is interrupted by a sudden increase of the outer planet’s eccentricity. The corresponding symmetric
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Fig. 7: Level curves of the Hamiltonian (5-6) as functions of the resonant angle 2σ1 and the secular
angle ∆$, around two symmetric ACRs with m2/m1 = 2.36. Left: Stable symmetric solution for
e1 = 0.093 and e2 = 0.035. Right: Unstable symmetric solution for e1 = 0.45 and e2 = 0.13.
solutions become unstable and the stationary system evolves now along an asymmetric segment of
the corresponding family (black curves).
For higher eccentricities, the families of asymmetric ACRs can bifurcate into two branches (iden-
tified as A and B in Figure 8). To the left, we note a funneling of all solutions toward a narrow
diagonal region (branch B). To the right, we see a convergence point located approximately at
(e1,e2) = (0.5, 0.5), after which the solutions for all mass ratios practically coincide (branch A).
Shortly following this convergence, the asymmetric solutions return to symmetric ACRs, this time of
the (0,0)–type. A similar two-branch structure was also noted for the 2/1 MMR and was explained
by effects of the true secular resonance inside the mean-motion resonance (see Michtchenko et al.
2008b). The asymmetric solutions exhibit a very complex dynamics, which is out of the scope of this
paper. Finally, the stable (0,pi)–ACRs located beyond the collision curve are shown by dot symbols
in Figure 8.
By definition, asymmetric ACRs are characterized by stationary values of both resonant and
secular angles different from zero or 180◦. The appearance and the evolution of the asymmetric
solutions with the increasing outer planet’s eccentricity is illustrated in Figure 9, for two different
values of the mass ratio, 0.2 (red curves) and 2.36 of the HD60532 system (black curves). The angles
2σ1 and ∆$ are trapped at 180
◦ at small eccentricities that indicates symmetric character of the
ACRs. The bifurcations to the asymmetric solutions occur around e2 ∼ 0.1, for both values of the
mass ratio. The systems evolve in the asymmetric configurations up to e2 = 0.6, when they return
to symmetric configurations of the (0,0)–type.
4.3 The Law of Structure
It is important to emphasize that the ratios of the mean motions of the resonant stationary config-
urations of the planets generally deviate from the nominal value 3/1 and are functions of the free
parameters, K and AM (i.e. of the eccentricities of the ACRs). This feature is known as the ’Law
of Structure’ and was first observed in the studies of the asteroidal resonant dynamics (Ferraz-Mello
1988).
Figure 10 shows the evolution of the mean-motion ratio of two planets in the stationary configu-
ration as a function of the eccentricity of the outer planet. In all cases, the masses of the planets were
fixed at values of the masses of the HD60532 system, with m2/m1 = 2.36, but we adopted several
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Fig. 8: Families of the stable ACRs for the 3/1 MMR, parameterized by the mass ratio m2/m1.
Gray solid lines correspond to symmetric (pi,pi)–type ACRs, black solid lines to stable asymmetric
solutions, and black dots to symmetric (0,pi)–type ACRs. Dashed line shows the collision curve for
(0, pi)−ACR. Three red dots indicate positions of ACRs, whose domains will be mapped in Sect. 5.
values of the individual planetary mass factor, which are indicated beside each curve in Figure 10.
The variation of n1/n2 with the eccentricity shows that, for stationary solutions, the ratio of orbital
periods deviates from 3/1, in such a way that its value is always above the nominal resonance value.
Therefore, resonance pairs evolving in nearly-stationary configuration (that is, with small oscilla-
tions) will be always concentrated at one side of the nominal value 3/1, for instance, at the left
side in Figure 1. Moreover, the deviation will increase for the decreasing values of eccentricities.
The projection of the oscillation of the HD60532 planetary pair around the corresponding stationary
solution (ACR) is shown by red dots in Figure 10. The resonant oscillations of the semimajor axes
of the planets shown in Figure 3 appear now as a small oscillation of the mean-motion ratio around
n1/n2 ∼ 3.03, while the outer planet’s eccentricity varies in the range between 0.05 and 0.15.
Figure 10 also shows that the mean-motion ratio is sensible to values of the individual planetary
masses. Indeed, the deviation from the nominal value 3/1 is an increasing function of the increasing
individual planetary masses, even if the mass ratio is kept fixed. This feature contrasts with the
behaviour of the stationary values of eccentricities and angular variables, which are only marginally
dependent on the individual planetary masses (Beauge´ & Michtchenko 2003).
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Fig. 9: Stationary values of the resonant angle 2σ1 (top) and the secular angle ∆$ (bottom) for the
two families of the ACRs, one parameterized by m2/m1 = 2.36 (black) and other by m2/m1 = 0.2
(red). Angles are shown as functions of the outer planet’s eccentricity.
5 Dynamics around the ACRs
To analyze the dynamics of the 3/1 resonance in the region of the phase space beyond each sym-
metric ACR, we apply Spectral Analysis Method (SAM) developed in Michtchenko et al. (2002) and
described in details in Ferraz-Mello et al. (2005). The method allows us to study the structure of
the phase space around ACRs in form of dynamical maps on the (n1/n2, e2) representative planes
of initial conditions.
Figures 11, 13 and 15 show the dynamical maps constructed around three different values of ACR
chosen along the family parameterized by m2/m1 = 2.36 (see Figure 8). It is worth emphasizing that
the topology of the maps is uniquely defined by two free parameters of the problem, K and AM . K
is same for all maps; its value is fixed at 0.6345 (in units of the solar mass, astronomical unit and
year), and corresponds to the physical and orbital parameters of the HD60532 system in Table 1.
The value of the angular momentum AM varies from one map to other. In this paper, instead
of giving this value, we match each solution with the value of the eccentricity of the inner planet.
In this way, it is easy to identify the location of the studied ACRs shown by three red dots on the
corresponding family in Figure 8. The ACRs under study characterize three different ranges of the
planetary eccentricities: low (e1 = 0.06), moderate (e1 = 0.15) and high (e1 = 0.278), the last value
corresponding to the current value of the inner planet of the HD60532 system.
5.1 General characteristics of dynamical maps
Although many aspects of the dynamical maps change as functions of AM , there are also some
general features, which are common for different sets of the constants.
Each map in Figures 11, 13 and 15 contains a center, which represents the (pi, pi)–ACR solution;
its position is shown by a red dot on the map. Around each center we find a region of quasi-periodic
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Fig. 10: Variation of the ratio of planetary mean motions n1/n2 for symmetric (pi, pi)–type ACRs,
as a function of the outer planet’s eccentricity (Law of Structure). All curves are calculated for the
fixed value of m2/m1 = 2.36 corresponding to the HD60532 planets, but the values of the individual
planetary masses are simultaneously multiplied by the factor whose values are shown beside each
curve. Red curve is a projection of the HD60532 resonant oscillation on the (e2,n1/n2)–plane.
motion coded in gray scale which represents the spectral numberN (stability indicator) in logarithmic
scale. The lighter tones for smaller values of N correspond to regular motion, while the darker tones
for higher values of N correspond to increasingly chaotic motion. The spectral number was obtained
through the Fourier analysis of the mean-motion ratio time series calculated over 100K years at each
node of the grid of initial conditions; it is shown by color-scale bars in Figures 11, 13 and 15. We
considered all frequencies peaks with at least 5% of the maximum amplitude peak. The hatched
areas are the region of forbidden motion where there are no solutions of Eqs. (8-9) for a given set of
the constants K and AM .
The quasi-periodic behavior inside the 3/1 MMR is an interaction of two modes of motion,
associated with the two independent frequencies of the averaged resonant system. These modes are
the resonant (with the frequency fres) and the secular (with the frequency fsec) modes of motion.
The first is associated to the oscillation of the semimajor axes (see Figure 3 top) and resonant angle
2σ1. The second mode of motion is associated to the secular oscillation of the eccentricities (see
Figure 3 bottom) and the difference in longitudes of pericenter, ∆$.
Any regular solution will be given by a linear combination of two periodic terms, each with
a given amplitude and phase angle. Generally, both modes are well separated in the frequency
space, with fres much higher than the secular frequency fsec. However, at small eccentricities, both
frequencies may have a same order, and it is possible to find initial conditions corresponding to low-
order commensurabilities between them. These commensurabilities give origin to so-called secondary
resonances inside the primary 3/1 resonance, which are also observed in the asteroidal dynamics
(e.g. Moons and Morbidelli 1993).
The domains of chaotic motion are always present on dynamical maps of the 3/1 mean-motion
resonance. The chaos is associated with the existence of separatrices between the 3/1 resonance region
and the regions of quasi-resonant and purely secular motion, and between the secondary resonances
inside the primary 3/1 resonance. The domains of strongly chaotic motion appear in dark tones on
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Fig. 11: Left: Dynamical map of the domain around the stable symmetric (pi,pi)–ACR with e1 = 0.06
and m2/m1 = 2.36. The initial value of 2σ1 is fixed at 180
◦ and the initial value of ∆$ is fixed at 0
(positive values on the e2-axis) or 180
◦ (negative values on the e2-axis)). Red circle shows location
of ACR. Number 1, 2 and 3 indicate domains of distinct regimes of motion. Green and blue dots are
projections of two planetary paths (see text for details). Right: Dynamical power spectrum obtained
along the horizontal dashed line in dynamical map, showing the proper frequencies of the system as
functions of e2. The smooth evolution of the proper frequencies fres and fsec is characteristic of the
regular motion, while the erratic scattering of the points is characteristic of the chaotic motion.
the dynamical maps and are regions of large-scale instabilities followed by disruption of the system
within the lifetime of the central star.
Finally, the dynamical maps in Figures 11, 13 and 15 are always accompanied by dynamical power
spectra, whose construction is described in detail in Michtchenko et al. (2002). Briefly, the spectra
show the evolution of the main frequencies of the systems, fres, fsec and their linear combinations,
as functions of either the mean-motion ratio n1/n2 or the eccentricity of the outer planet e2. The
smooth evolution of the frequencies is characteristic of regular motion, while the erratic scattering
of the frequency values is characteristic of the chaotic motion. In addition, the domains where one
of the frequencies tends to zero accurately indicate the location of the separatrices between distinct
regimes of motion.
5.2 Low-eccentricity symmetric ACR dynamical maps
The first map (Figure 11 left) was calculated for a small initial eccentricity of the inner planet
(e1 = 0.06) and illustrates the transition from the purely secular regime of motion towards the
resonant one. Indeed, the capture of the migrating planetary pair into the 3/1 MMR is more likely
when the planets evolve on the nearly circular orbits (see Figure 2).
For initial conditions far from the center of the resonance (for instance, any point with n1/n2 >
3.12), the system is evolving in the purely secular regime. Its motion is defined by the composition
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of two normal secular modes, which are usually referred to as Mode I and Mode II of motion. Mode I
corresponds to the aligned configuration of the planets (∆$ = 0), with the minimal possible energy
of the system for a given AM . Mode II describes an anti-aligned configuration (∆$ = 180◦) and
corresponds to the maximal values of the energy. On the dynamical map, these modes appear as
light-colored strips in the domain of the secular motion.
The modeling of the secular evolution of migrating planet pairs done in Michtchenko and Rodr´ıguez
(2011), has shown that, during convergent migration, the planets converge and evolve along the Mode
II, as long as m2/m1 >
√
a1/a2 (see Figure 2 in that paper). This is the case of the HD60532 planet
pair, thus the entrance of the planets into the 3/1 mean-motion resonance would occur through
the Mode II of motion of the maximal energy, when the secular angle ∆$ oscillates around 180◦.
Numerical simulations of planetary migration confirm this result (e.g. Ferraz-Mello et al. 2003, Kley
et al. 2005, Beauge´ et al. 2006).
Figure 11 (left panel) shows that the domain of the 3/1 MMR is separated into three distinct
regions surrounded by layers of chaotic motion. These regions are associated with different regimes
of motion of the system and we denote them by the numbers 1, 2 and 3 in Figure 11. The dynamical
power spectrum (right panel) constructed along the vertical line with n1/n2 = 3.07 shows that,
during transitions between the different regimes, one of the independent frequencies, fres and fsec,
tends to zero. This feature is associated to the dynamics close to separatrix.
The dynamics in the regime 1 is a proper 3/1 MMR, with the resonant angle σ1 librating and
the secular angle ∆$ oscillating/circulating around 180◦. The resonant motion is a composition
of two independent modes, resonant and secular. To illustrate that, we show in Figure 11 left the
projections on the (n1/n2,e2)–plane of the two nearly periodic orbits. The green curve represents
the low-amplitude oscillations in the resonant mode; therefore, in this case, we observe mainly the
slow secular component in the orbital oscillations. The exchange of AM between the two planets
affects only the eccentricities, while the semimajor axes are almost constant in this case. On contrary,
the blue curve in Figure 11 left is a projection of the orbit which exhibits mainly the fast resonant
oscillations, in such a way that ∆$ is almost constant and 2σ1 librates with large amplitude around
the ACR.
Figure 12 left shows separately the two components, resonant and secular, of a typical orbit in the
regime 1 of motion. The red curve represents the secular mode and the sets show prograde direction
of the oscillation around 180◦. The black curve is a superposition of the resonant mode on the secular
one. The typical values of the resonant and secular periods of oscillations can be assessed from the
dynamical power spectrum in Figure 11 right ; they are of order of several tens and some hundreds
years, respectively.
The domain of the regime 2 of motion is a quasi-resonant region characterized by the simultaneous
circulation of both 2σ1 and 2σ2, in such way that the secular angle (which by definition is ∆$ =
σ1−σ2) oscillates around zero. A typical orbit from this region is shown in the (e2 cos∆$,e2 sin∆$)–
plane by the black curve in Figure 12 right. Once again, we separate the secular component of the
oscillation applying low-pass filtering; it is shown by the red curve in Figure 12 right. Note that,
although the secular oscillation occurs now around zero, it is still prograde, similar to one shown on
the top graph of the same figure.
The distinct behaviour of the system in the regime 2 can be understood analyzing the evolution
of the main frequencies on the dynamical power spectrum in Figure 11 right. The domain of this
regime is located above the layer of strongly chaotic motion at e2 ∼ 0, which separates the libration
of the resonant angle 2σ1 from its circulation. The main feature of the dynamics in the regime 2 is
a decay of the secular frequency fsec with increasing eccentricity of the outer planet, approaching
zero at e2 ∼ 0.04. This is due to fact that, at this condition, the secular angle ∆$ changes the
direction of its oscillation/circulation from prograde, in the quasi-resonant regime, to retrograde, in
the purely secular regime of motion of the system. For some initial conditions, this transition raises
a very specific regime of the stable motion, which we refer to as ’true secular resonance’. On the
dynamical map in 11 left the domain of this regime is marked by the number 3.
The domain of the secular resonance is small; it is extended in the range 0.04 − 0.05 along the
eccentricity of the outer planet and is delimited by the narrows layers of chaotic motion associated
with this resonance. The dynamics inside the secular resonance characterized by the libration of the
secular angle ∆$ around zero, while the resonant angle 2σ1 is in retrograde circulation.
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Fig. 12: Left: Black line shows one orbit from the domain 1 on the dynamical map in Figure 11 left.
Red line is a secular component of this orbit. Right: Same as on the left panel, except for the domain
2.
5.3 Moderate-eccentricity symmetric ACR dynamical maps
We present the dynamics of the system at moderate eccentricities of the planets in Figure 13. On the
top panel of the figure, we plot the dynamical map constructed for e1 = 0.15, while, on the bottom
graph, we present the dynamical power spectrum calculated along the n1/n2–axis, with e2 fixed at
−0.026. On the dynamical map, this e2–value is represented by the dashed horizontal line.
Comparing to the low-eccentricity dynamics shown in Figure 11, we can note that the planetary
dynamics shows no qualitative changes at increasing eccentricities. Both main regimes of motion,
resonant and quasi-resonant, are present on dynamical map in Figure 13 top. As expected, the domain
of the 3/1 MMR increases, while the layers of chaotic motion are expanded. The resonant regime of
motion 1 is a combination of two oscillation modes, resonant and secular, around the corresponding
ACR solution (red dot), located at 2σ1 = ∆$ = 180
◦. The evolution of the two independent
frequencies, fres and fsec can be observed on the dynamical power spectra in Figure 13 bottom.
The quasi-resonant regime of motion 2 also preserves its main properties, when both critical
angles 2σ1 and 2σ2, circulate retrogradely, while the secular angle oscillate/circulates in the prograde
direction. The broaden chaotic layer separating the domain of the quasi-resonant motion from that
of the purely secular motion does not allow us to detect the presence of the secular resonance in the
regime 3.
On the other hand, some new features appear in the dynamics at the moderate eccentricities in
Figure 13. One of these features are secondary resonances located at small eccentricities and forming
the web of the periodic and chaotic orbits in the transition from the resonant 1 to the quasi-resonant
2 regimes of motion. The most strong of these is a 4/1 commensurability between the frequencies
fres and fsec represented by the family of periodic solutions inside the chaotic layer in this region
(light tones).
The other feature is a complex structure of the chaotic layers which separate the 3/1 MMR
domain from the secular one. We can observe the existence of stable periodic solutions just inside
the separatrices. Figure 14 shows a typical behaviour of the resonant and secular angles inside these
narrow regions of stable motion. We note that, while the resonant angle 2σ1 librates around 180
◦
with very large amplitudes (∼ 150◦), the secular angle ∆$ oscillates around the same value, but with
small amplitude. The similar property was also observed in the case of the 3/2 and 2/1 asteroidal
resonance dynamics (Michtchenko & Ferraz-Mello 1995) and was associated to the true secular
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Fig. 13: Top: Same as in Figure 11 left, except for e1 = 0.15. Bottom: Same as in Figure 11 right,
except calculated along the horizontal dashed line.
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Fig. 14: Stable evolution of the resonant angle 2σ1 (red) and the secular angle ∆$ (black), typical
for the initial conditions inside the secular resonance.
Fig. 15: Same as in Figure 11, except for e1 = 0.278. Blue symbol shows the location of the HD60532
b-c system on the dynamical map.
resonance, which appears in the transition from the resonant zone, where ∆$ oscillates/circulates
progradely, to the secular zone, where the direction of the circulation of the secular angle is inverted.
5.4 High-eccentricity symmetric ACR dynamical map
The physical and orbital parameters of the HD60532 b-c system, with e1 = 0.278 (see Table 1), were
used to present the high-eccentricity dynamics of the 3/1 MMR. Figure 15 shows the corresponding
dynamical map (left panel) and dynamical power spectrum (right panel). The spectrum was calcu-
lated along the dashed vertical line on the dynamical map, with the fixed value n1/n2 = 3.007, which
corresponds to the HD60532 planets. The location of the system on the dynamical map is shown
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by a cross symbol and the red circle is a center of the resonant region where the HD60532 planets
evolve.
The structure of the phase space observed in Figure 15 left is very similar to that observed
at moderate eccentricities. The domain of the resonant motion surrounding the central ACR (red
circle) is dominating on the dynamical map and is separated from the region of the quasi-resonant
motion by the thick chaotic layer of the complex structure. The HD60532 system is located inside
the resonance zone and oscillates around the corresponding ACR, with the 2σ1–amplitude of ∼ 120◦
and the ∆$–amplitude of ∼ 80◦. Note that such large value of the amplitude of the critical angle is
due to the composition of the resonant and secular modes in its oscillation, both with amplitudes of
∼ 60◦. The numerical tests have shown that the behaviour of the system is stable over timespan of
5G years (Laskar & Correia 2009). However, it is worth emphasizing that the presence of the tiny
chaotic layers associated to secondary resonances in the close vicinity of the system could destabilize
its motion in the case of possible corrections of the orbits due to future observations. Thus, to assess
the long-term stability of the HD60532 system, the more detailed study of the domain where the
system evolves, is needed.
The region of the quasi-resonant regime of motion shows a complex structure, with several strips
of chaotic motion crossing the region. The analysis of the dynamical power spectrum in this region
(right panel in Figure 15) confirms that, in this regime of motion, the independent frequencies fsec
and fres become comparable and a beating between them or their harmonics occurs producing a
number of secondary resonances inside the 3/1 MMR.
Finally, several narrow black strips on both sides of the whole 3/1 MMR are associated to high-
order mean-motion resonances, that always accompany main low-order commensurabilities at high
eccentricities.
6 Conclusions
In this paper we present a detailed analysis of the structure of the planetary 3/1 mean-motion
resonance, when the outer planet is more massive than the inner one. In this case, all resonant
motions are associated to a libration of the critical angle 2σ1 = 3λ2−λ1−2$1, while the secular angle
associated to the difference in longitudes of pericenter ∆$, oscillates/circulates. The composition
of these two modes results in quasi-periodic oscillations of the system around a center of the 3/1
resonant domain defined by a global stationary solution, (pi, pi)–ACR. The location of an ACR is
uniquely defined by two free parameters of the problem, the total angular momentum and the scaling
parameter.
Applying the semi-analytical approach we analyze the topology of the Hamiltonian which de-
scribes the 3/1 MMR and obtain the families of stable symmetric and asymmetric ACRs parametrized
by the planetary mass ratio. The stable symmetric families of the (pi, pi)–type are characteristic of
the low and moderate eccentricity regions of the phase space, while those of the (0, pi)–type lo-
cated beyond the collision curve defined by initial conditions for which the planetary orbits become
crossing, allowing collisions to occur. In this paper, we analyze the planetary dynamics around the
(pi, pi)–ACRs.
To investigate the dynamical structures of the phase space of the 3/1 MMR, we construct dy-
namical maps on the representative (n1/n2,e2)–planes of initial conditions, for low, moderate and
high values of the inner planet’s eccentricity, corresponding to three different ACRs, all associated to
the HD60532 system. We show that the phase portrait of the 3/1 MMR is populated by a complex
structure of stable modes of motion. Each ACR is shown to be the intersection of two distinct stable
modes of motion, one resonant (associated to the resonant angle 2σ1) and one secular (associated to
the secular angle ∆$). For low values of the eccentricities, secondary resonances can also be found,
where the librational and the secular frequencies are commensurable. These secondary resonances in
turn generate thin chaotic layers, and form a complex picture between the ACR and the edge of the
resonant domain.
In addition, we detect the region of the stable quasi-resonant behaviour of the planets, where
both critical angles of the 3/1 MMR circulate, while the secular angle oscillates around zero. This
region is observed for all values of the total angular momentum analyzed. This regime of the motion
is topologically distinct from the pure secular regime due to opposite direction of the ∆$–oscillation.
Therefore, the domains of unstable motion can be found separating the two regions.
23
Acknowledgments
This work has been supported by the Brazilian National Research Council - CNPq (grant 153713/2010-
0). The authors are grateful to Prof. Dr. S. Ferraz-Mello, Dr. J. Correa-Otto, Dr. E. Andrade-Ines,
and Dr. C. Beauge´, for numerous suggestions and corrections to this paper. This work has made use
of the facilities of the Computation Center of the University of Sa˜o Paulo (LCCA-USP) and of the
Laboratory of Astroinformatics (IAG/USP, NAT/Unicsul), whose purchase was made possible by
the Brazilian agency FAPESP (grant 2009/54006-4) and the INCT-A.
References
1. Antoniadou, K. I., Voyatzis, G., Resonant periodic orbits in the exoplanetary systems, Astrophysics and
Space Science, 349, 657-676 (2014)
2. Beauge, C., Ferraz-Mello, S., Resonance trapping in the primordial solar nebula - The case of a Stokes
drag dissipation, Icarus, 103, 301-318 (1993)
3. Beauge´, C., Ferraz-Mello, S., Michtchenko, T. A., Extrasolar Planets in Mean-Motion Resonance: Apses
Alignment and Asymmetric Stationary Solutions, The Astrophysical Journal, 593, 1124-1133 (2003)
4. Beauge´, C., Michtchenko, T. A., Modelling the high-eccentricity planetary three-body problem. Application
to the GJ876 planetary system, Monthly Notices of the Royal Astronomical Society 341, 760-770 (2003)
5. Beauge´, C., Michtchenko, T. A., Ferraz-Mello, S., Planetary migration and extrasolar planets in the 2/1
mean-motion resonance, Monthly Notices of the Royal Astronomical Society 365, 1160-1170 (2006)
6. Beauge´, C., Ferraz-Mello, S., Michtchenko, T. A., Multi-planet extrasolar systems - detection and dynamics,
Research in Astronomy and Astrophysics, 12, 1044-1080 (2012)
7. Bonfils, X., and 21 colleagues, The HARPS search for southern extra-solar planets. XXXIV. A planetary
system around the nearby M dwarf GJ 163, with a super-Earth possibly in the habitable zone, Astronomy
and Astrophysics, 556, A110 (2013)
8. Callegari, N., Jr., Michtchenko, T. A., Ferraz-Mello, S., Dynamics of Two Planets in the 2/1 Mean-Motion
Resonance. Celestial Mechanics and Dynamical Astronomy,89, 201-234 (2004)
9. Callegari, N.,Ferraz-Mello, S., Michtchenko, T. A.,Dynamics of Two Planets in the 3/2 Mean-motion
Resonance: Application to the Planetary System of the Pulsar PSR B1257+12, Celestial Mechanics and
Dynamical Astronomy, 94, 381-397 (2006)
10. Dawson, R. I., Fabrycky, D. C., Radial Velocity Planets De-aliased: A New, Short Period for Super-Earth
55 Cnc e, The Astrophysical Journal, 722, 937-953 (2010)
11. Ferraz-Mello, S., The high-eccentricity libration of the Hildas, The Astronomical Journal, 96, 400-408
(1988)
12. Ferraz-Mello, S., Beauge´, C., Michtchenko, T. A., Evolution of Migrating Planet Pairs in Resonance,
Celestial Mechanics and Dynamical Astronomy, 87, 99-112 (2003)
13. Ferraz-Mello, S., Michtchenko, T. A., Beauge´, C., Callegari, N., Extrasolar Planetary Systems, Chaos and
Stability in Planetary Systems, 683, 219-271 (2005)
14. Gautier, T. N., III, and 43 colleagues, Kepler-20: A Sun-like Star with Three Sub-Neptune Exoplanets and
Two Earth-size Candidates, The Astrophysical Journal, 749, 15 (2012)
15. Goldreich, P., Tremaine, S., The excitation of density waves at the Lindblad and corotation resonances by
an external potential, The Astrophysical Journal, 233, 857-871 (1979)
16. Goldreich, P., Tremaine, S., Disk-satellite interactions, The Astrophysical Journal, 241, 425-441 (1980)
17. Gomes, R. S., The effect of nonconservative forces on resonance lock: Stability and instability, Icarus, 115,
47-59(1995a)
18. Gomes, R. S., Resonance Trapping and Evolution of Particles Subject to Poynting-Robertson Drag: Adia-
batic and Non-Adiabatic Approaches, Celestial Mechanics and Dynamical Astronomy, 61, 97-113 (1995b)
19. Han, E., Wang, S. X., Wright, J. T., Feng, Y. K., Zhao, M., Fakhouri, O., Brown, J. I., Hancock, C.,
Exoplanet Orbit Database. II. Updates to Exoplanets.org, Publications of the Astronomical Society of the
Pacific 126, 827-837 (2014)
20. Kane, S. R., Gelino, D. M., On the Inclination and Habitability of the HD 10180 System, The Astrophysical
Journal, 792, 111 (2014)
21. Kley, W., On the migration of a system of protoplanets, Monthly Notices of the Royal Astronomical Society
313, L47-L51 (2000)
22. Kley, W., Lee, M. H., Murray, N., Peale, S. J, Modeling the resonant planetary system GJ 876, Astronomy
and Astrophysics 437, 727-742 (2005)
23. Laskar, J., Analytical framework in Poincare´ variables for the motion of the solar system, Predictability,
Stability, and Chaos in N-Body Dynamical Systems, 93-114, Plenum Press, New York (1991)
24. Laskar, J., Correia, A. C. M., HD 60532, a planetary system in a 3:1 mean motion resonance, Astronomy
and Astrophysics, 496, L5-L8 (2009)
25. Laskar, J., Robutel, P., Stability of the Planetary Three-Body Problem. I. Expansion of the Planetary
Hamiltonian, Celestial Mechanics and Dynamical Astronomy, 62, 193-217 (1995)
26. Lee, M. H.,Diversity and Origin of 2:1 Orbital Resonances in Extrasolar Planetary Systems, The Astro-
physical Journal, 611, 517-527 (2004)
24
27. Lin, D. N. C., Papaloizou, J., Tidal torques on accretion discs in binary systems with extreme mass ratios,
Monthly Notices of the Royal Astronomical Society, 186, 799-812 (1979)
28. Lovis, C., and 13 colleagues, The HARPS search for southern extra-solar planets. XXVIII. Up to seven
planets orbiting HD 10180: probing the architecture of low-mass planetary systems, Astronomy and As-
trophysics, 528, A112 (2011)
29. Marzari, F., Scholl, H., Tricarico, P., Frequency map analysis of the 3/1 resonance between planets b and
c in the 55 Cancri system, Astronomy and Astrophysics, 442, 359-364 (2005)
30. Mayor, M., and 13 colleagues 2011, The HARPS search for southern extra-solar planets XXXIV. Occur-
rence, mass distribution and orbital properties of super-Earths and Neptune-mass planets, ArXiv e-prints
arXiv:1109.2497 (2011)
31. Michtchenko, T. A., Ferraz-Mello, S., Comparative study of the asteroidal motion in the 3:2 and 2:1
resonances with Jupiter. I. Planar model, Astronomy and Astrophysics, 303, 945 (1995)
32. Michtchenko, T. A., Ferraz-Mello, S., Modeling the 5 : 2 Mean-Motion Resonance in the Jupiter-Saturn
Planetary System, Icarus, 149, 357-374 (2001a)
33. Michtchenko & Ferraz-Mello, Resonant Structure of the Outer Solar System in the Neighborhood of the
Planets, Astronomical Journal, 122, 474-481 (2001b)
34. Michtchenko, T. A., Lazzaro, D., Ferraz-Mello, S., Roig, F., Origin of the Basaltic Asteroid 1459 Magnya:
A Dynamical and Mineralogical Study of the Outer Main Belt, Icarus, 158, 343-359 (2002)
35. Michtchenko, T. A., Beauge´, C., Ferraz-Mello, S., Stationary Orbits in Resonant Extrasolar Planetary
Systems, Celestial Mechanics and Dynamical Astronomy, 94, 411-432 (2006)
36. Michtchenko, T. A., Beauge´, C., Ferraz-Mello, S., Dynamic portrait of the planetary 2/1 mean-motion
resonance - I. Systems with a more massive outer planet, Monthly Notices of the Royal Astronomical
Society 387, 747-758 (2008a)
37. Michtchenko, T. A., Beauge´, C., Ferraz-Mello, S., Dynamic portrait of the planetary 2/1 mean-motion
resonance - II. Systems with a more massive inner planet, Monthly Notices of the Royal Astronomical
Society 391, 215-227 (2008b)
38. Michtchenko, T. A., Ferraz-Mello, S., Beauge´, C., The periodic and chaotic regimes of motion in the exo-
planet 2/1 mean-motion resonance, in Third La Plata International School on Astronomy and Geophysics,
(P.M. Cincotta, C.M. Giordano, and C. Efthymiopoulos, eds.) (2011)
39. Michtchenko, T. A., Rodr´ıguez, A., Modelling the secular evolution of migrating planet pairs, Monthly
Notices of the Royal Astronomical Society, 415, 2275-2292 (2011)
40. Moons, M., Morbidelli, A., The main mean motion commensurabilities in the planar circular and elliptic
problem, Celestial Mechanics and Dynamical Astronomy, 57, 99-108 (1993)
41. Nelson, B. E., Ford, E. B., Wright, J. T., Fischer, D. A., von Braun, K., Howard, A. W., Payne, M. J.,
Dindar, S., The 55 Cancri planetary system: fully self-consistent N-body constraints and a dynamical
analysis, Monthly Notices of the Royal Astronomical Society, 441, 442-451 (2014)
42. Sa´ndor, Z., Kley, W., Formation of the resonant system HD 60532, Astronomy and Astrophysics, 517, A31
(2010)
43. Snellgrove, M. D., Papaloizou, J. C. B., Nelson, R. P, On disc driven inward migration of resonantly coupled
planets with application to the system around GJ876, Astronomy and Astrophysics, 374, 1092-1099 (2001)
44. Tadeu dos Santos, M.; Silva, G. G.; Ferraz-Mello, S.; Michtchenko, T. A., A new analysis of the GJ581
extrasolar planetary system, Celestial Mechanics and Dynamical Astronomy, 113, 49-62 (2012)
45. Tuomi, M., Evidence for nine planets in the HD 10180 system, Astronomy and Astrophysics, 543, A52
(2012)
46. Voyatzis, G., Hadjidemetriou, J. D., Symmetric and Asymmetric Librations in Planetary and Satellite
Systems at the 2/1 Resonance, Celestial Mechanics and Dynamical Astronomy, 93, 263-294 (2005)
47. Voyatzis, G., Hadjidemetriou, J. D., Symmetric and asymmetric 3:1 resonant periodic orbits with an
application to the 55Cnc extra-solar system, Celestial Mechanics and Dynamical Astronomy, 95, 259-271
(2006)
48. Voyatzis, G., Chaos, Order, and Periodic Orbits in 3:1 Resonant Planetary Dynamics, The Astrophysical
Journal, 675, Issue 1, 802-816 (2008)
49. Zhou, L. Y., Lehto, H. J., Zheng, J. Q., The 3:1 Resonance in the 55 Cancri, Order and Chaos in Stellar
and Planetary Systems, 316, 155 (2004)
25
Appendix
The explicit expressions for the coefficients of the analytical first-order expansion of the Hamiltonian
(10) of the 3/1 MMR:
A = −M1
2J31
+
3
2
M2
2J32
, B = −3
8
(
1
2
)2
M1
J41
,
C = −c2 M3
J1J22
+
3
2
c1
M1
J32
, D = −c3M3
J32
+
3
2
c1
M3
J32
,
E = −c4 M3
J22
√
J1J2
, F1 = −1
2
c5
M3
J22J1
, (12)
F2 = −1
2
c6
M3
J32
, F3 =
1
2
c7
M3
J22
√
J1J2
,
where M1 = µ
2
1m
′3
1 , M2 = µ
2
2m
′3
2 and M3 = m1M2/m0, while ci are the Laplace coefficients:
c0 = −1
2
αb
(1)
3
2
(α) ,
c1 =
1
2
b
(0)
1
2
(α) ,
c2 =
1
8
[
2αDα + α
2D2α
]
b
(0)
1
2
, (13)
c4 =
1
4
[
2− 2αDα − α2D2α
]
b
(1)
1
2
,
c5 =
1
8
[
21 + 10αDα + α
2D2α
]
b
(3)
1/2,
c6 =
1
4
[−20− 10αDα − α2D2α] b(2)1/2,
c7 =
1
4
[
17 + 10αDα + α
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]
b
(1)
1/2 −
27
8
α,
where Dnα are n-th order derivative in α = a1/a2. The coefficients bi are obtained by the series:
1
2
b(j)s (α) =
s (s+ 1) ... (s+ j − 1)
1.2.3...j
αj (14)
×
[
1 +
s (s+ j)
1 (j + 1)
α2 +
s (s+ 1) (s+ j) (s+ j + 1)
1.2 (j + 1) (j + 2)
α4 + ...
]
.
when j = 0,
s (s+ 1) ... (s+ j − 1)
1.2.3...j
αj = 1, (15)
and the series is convergent for α < 1.
